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Abstract

In this paper we develop a set of inverse kinematics algorithms suitable for an anthropomorphic
arm or leg. We use a combination of analytic and numerical methods to solve generalized inverse
kinematics problems including position, orientation, and aiming constraints. Our combination of
analytic and numerical methods result in faster and more reliable algorithms than conventional
inverse Jacobean and optimization based techniques. Additionally, unlike conventional numerical
algorithms, our methods allow the user to interactively explore all possible solutions using an intu-
itive set of parameters that define the redundancy of the system.
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1 Introduction

Inverse kinematics plays a key role in the computer animation and simulation of articulated figures.
Often these figures contain more than a hundred degrees of {freedom making it infeasible (or at best
tedious) for the animator to manipulate every joint to control the figure’s posture. With the
agsistance of an inverse kinematics algorithm, the animator merely gives the desired location of
certain chosen points on the body and relies on the algorithm to automatically compute a set of
joint angles that satisfy the end-effector constraints. Another important use of inverse kinematics
occurs in motion capture applications where the positions and orientations of sensors on a live
subject are used to drive the animation of a computer model. In this case, inverse kinematics is
used to find joint angle trajectories that interpolate the sensor data. Finally, inverse kinematics can
also be used in task feasibility studies in which a virtual agent and environment are used to simulate
the performance of a real-life task, such as an assembly line operation or the workspace analysis of
a cockpit. In these applications, inverse kinematics is useful in determining which objects in the
environment are reachable.

Most computer animation systems have adopted inverse kinematics techniques from robotics.
In these approaches, an inverse kinematics problem is cast into a system of nonlinear equations or
an optimization problem which can be solved using an iterative numerical algorithm. Because most
inverse kinematics algorithms were originally designed to meet the requirements of robotics, their
straightforward application to computer animation frequently leads to problems. It is instructive
to highlight some of the difficulties:

1. In robotics, inverse kinematics tasks only involve constraining the position and orientation of
the terminal segment or the end-effector. In computer animation, other types of constraints
have to be considered. Some examples include constraining selected points on non-terminal
segments, aiming the end-effector, keeping the figure balanced, and avoiding collisions. It
is not always easy to incorporate these constraints into a conventional inverse kinematics
formulation. To make matters worse, multiple and possibly conflicting constraints can be
active, and the system is usually under-determined or over-determined.
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2. Few robots have more than six joints. On the other hand, a virtual human model may
have over a hundred degrees of freedom. Traditional inverse kinematics algorithms can break
down or become unacceptably slow for the highly redundant systems that occur in computer
animation.

3. In most conventional robots, the joints are independent and the joint limits are simple linear
inequality constraints. On the other hand, in a human skeleton many of the joints are coupled
because they may easily form closed-loops or because they move simultaneously when a single
muscle contracts. Thus in complex joint systems, the number of degrees of freedom can be
less than the number of joint variables. In these cases, it is useful to find alternate ways of
parameterizing the kinematics than with joint variables.

4. In computer graphics applications, there is often a considerable amount of error in both the
kinematic model and the end-effector trajectory. For example, in a motion capture application
there will be errors in measuring the sensor locations and mismatches between the human
subject and the computer model. Similarly, in an interactive application the user may only
be interested in specifying a crude estimate of the motion for the end-effector and to have
the animation system determine a feasible trajectory. Errors are, in general, less critical in
computer graphics applications.

We propose an inverse kinematics toolkit for incorporating the special needs of computer graph-
ics. Important features of our approach include:

1. Our toolkit generalizes inverse kinematics constraints to include problems such as aiming and
partial orientation constraints.

2. Our focus is on analytical methods rather than numerical ones. Analytical methods are
generally more efficient and reliable than their numerical counterparts, but require special
kinematic structure. Whenever possible we will subdivide the joint structure of the body
into kinematic units for which analytical solutions can be derived, and partition an inverse
kinematics problem into subproblems for each of these units. When a purely analytical
solution cannot be obtained we will use a combination of analytical and numerical techniques
to achieve the greatest possible speed and reliability.

3. In cases where the inverse kinematics problem is under-constrained, we use an intuitive set
of parameters to encode the extra degrees of freedom. The user can interactively adjust the
parameters to explore the space of solutions and to choose the solution best suited for the
application.

4. Obviously, there is a tradeoff between obtaining an accurate kinematic model of the body
and computational expense. One of our goals is to find a suitable balance between these two
objectives so that visually acceptable results can be obtained in real time.

The work focuses on 7 DOF fully revolute open kinematic chains with two spherical joints
connected by a single revolute joint. The primary interest of this work is on the human arm: the
revolute joint models the elbow and the two spherical joints model the shoulder and the wrist. The
kinematic structure of the human leg is remarkably similar to that of the arm and the same chain
may used to model the leg. In the leg model the spherical joints are the hip and the ankle, and the
revolute joint is the knee'. We present examples of both arm and leg animations.

This work does not attempt to design a model suitable for simulating dynamics. Unlike, for
example, the European CHARM project [15] we are not concerned with the development of a
complex biomechanical model for the human arm but only in workspace analysis and interactive
posturing applications.

Additionally, this work does not attempt to address the problem of generating “realistic” joint
trajectories. Instead, we seek to develop tools that allow a user to investigate all kinematically
feasible solutions, and to select the solution most suitable for her needs. For interactive applications,

!Strictly speaking, the knee is not revolute: it has a small but non-trivial sliding component. The approximation as
a revolute joint will suffice for graphical purposes.
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we provide a set of intuitive parameters for inspecting all possible postures. For applications where
an optimization criteria is employed, we provide a way of characterizing the set of solutions using
the fewest possible number of variables and to allow the user to express an objective function and
its derivatives in terms of these variables. The responsibility of generating realistic simulation stays
with the animator.

2 Traditional Inverse Kinematics Algorithms

2.1 Problem Definition

Let f: q € 8" — SE(3) represent the forward kinematics map of a kinematic chain. In other
words, given the values of n joint variables f returns the position and orientation of the end effector.
The inverse kinematics problem can be stated as follows: given G €SE(3), find q € R” such that
f(a) = G or determine that no solution is possible. If homogeneous matrices are used the problem
assumes the form:

Find q such that

where
Ai(Qi)a G e SE(3)

Ai(g) = [ (I){(qi) 11) ]

Since G defines six constraints, the problem is well-posed only if the number of independent
joint variables is equal to six. If dim(q) < 6, the problem is over-constrained and in general no
solution is possible. Conversely, if dim(q) > 6 the problem is said to be under-constrained or to
possesses redundant degrees of freedom. In this case, an infinite number of solutions may exist.
In a redundant system, for a fixed posture of the end effector the joints of the robot are still free
to move along a constraint surface in joint space. This surface is called the self-motion manifold.
Redundant systems are useful because the extra degrees of freedom can be used for optimizing a
cost function, avoiding collision, or to keep clear from joint limits or Jacobian singularities.

2.1.1 Theoretical Results

For six degree of freedom systems, precise upper bounds on the number of solutions have been
established. Let R denote a revolute (rotating) joint and P denote a prismatic (translating) joint.
For a general 6R or 5RP manipulator, there are at most sixteen possible solutions. For a 4R2P or
a 6R manipulator with a spherical joint, the number of possible solutions drops to eight. Finally,
a 3R3P system can have at most two solutions. See Table 1 for a summary of available results.

2.1.2 Taxonomy of Inverse Kinematics Algorithms

Broadly speaking, inverse kinematics algorithms can be characterized as analytical or numerical.
Analytical methods are said to be complete since they find all possible solutions. Analytical methods
can be further subdivided into closed-form or algebraic elimination based methods. In a closed-
form method, the solution to the joint variables can be directly expressed as a set of closed-
form equations. In general, closed-form solutions can only be obtained for six degree of freedom
systems with special kinematic structure. Methods based on algebraic elimination express the joint
variables as solutions to a system of multivariable polynomial equations, or alternatively a single
joint variable is expressed as the solution to a very high degree polynomial and the other joint
variables are determined using closed-form computations. Since the degree of these polynomials
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n Upper bound on solutions
<6 0

>6 00

6R.,5RP 16

4R2P,6R with S joint | 8

3R3P 2

Table 1: Number of analytic solutions for six degree of freedom systems.

will be greater than four, algebraic elimination based methods still require the use of numerical
subroutines. However, since numerical methods exist for solving all the roots of a polynomial
equation, the algebraic elimination methods are still classified as analytical in nature.

In contrast to the analytical methods, numerical approaches iteratively converge to a single
solution based on an initial guess. In general, analytical methods are preferable to their numerical
counterparts because analytical methods yield all solutions and are computationally faster and more
reliable. The primary advantage of numerical algorithms is they can be used in cases where the
system is ill-posed. There are three popular numerical methods used in solving inverse kinematics
problems. The simplest method is the straightforward application of the Newton-Raphson algo-
rithm for solving systems of nonlinear equations. Alternatively, the inverse kinematics problem can
be converted into a differential equation in terms of q and 4. Finally, the third category of numer-
ical algorithms is based on recasting the inverse kinematics problem into a nonlinear optimization
problem.

2.2 Numerical Algorithms
In the following we list the frequently used numerical inverse kinematics algorithms:

1. Newton’s method: The solution to an inverse kinematics problem are the roots to the system
of nonlinear equations

F(q) =f(q)—-g=0

Here fis the forward kinematics map, g is the desired position and orientation of the end
effector, and q is the joint angle vector. Because Newton-Raphson methods use a first-order
approximation to the original equations, convergence can be slow when the equations are
highly nonlinear. Moreover, near the vicinity of a singularity the inverse of the Jacobian is
ill-conditioned and may cause the algorithm to fail.

2. Pieper’s Methods: Pieper [17] was one of the first authors to adapt the Newton-Raphson
method for solving inverse kinematics equations. Pieper derived two alternative methods
with different interpretations of the forward kinematics mapping function f(q). In the first
method, f(q) is viewed as a homogeneous transformation. In the second method an alternative
version of the Newton-Raphson method is used in which the forward kinematics map is viewed
as a screw motion instead of a homogeneous transformation.

3. Methods based on Differential Equations — Resolved Motion Rate Control[26]: The joint
velocities can then be integrated from 0 to ¢y to produce the joint angles corresponding to
the solution

iy
alty) = qo + / & (t)dt (1)

This technique is sometimes called resolved motion rate control. If a fixed value of At and a
first order integration scheme is used this method is virtually identical to the Newton-Raphson
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method. However, it is possible to utilize more accurate and robust integration techniques.
In particular, Cheng and Gupta [4] have proposed a modified predictor-corrector algorithm
for performing the joint velocity integration. They have demonstrated that their method is
more efficient and stable than the best Newton-Raphson methods.

4. For redundant manipulators, J is not square, but both the Newton-Raphson and differential
equations based approaches can be extended to redundant manipulators using J* the pseudo-
inverse[9] or the weighted pseudo-inverse, in place of J~1[16, 8].

5. Control Theory Based Methods[21]: This is based on casting the differential equation into a
control problem. Selecting ¢ = J7 (x4 + Ke) yields the linear system & + Ke = 0. Suitable
values for K can then be chosen to ensure convergence and to weight the units of orientation
relative to position.

6. Methods Based on J7 [21]: Interpreting a tiny displacement in the joint vector as a torque
and the error vector as a force suggests the update law

a=J Ke.

This equation has the physical interpretation of a generalized spring of stiffness constant
K that pulls the end effector towards the goal state. This approach is computationally
inexpensive, and does not require inversion of the Jacobian. On the other hand, if Ke lies in
N(JIT), 4 will be zero and no further progress towards the goal state can be made.

7. Optimization Approaches: Inverse kinematics can also be regarded as a nonlinear optimization
problem. Let f(q)denote the forward kinematics map from joint space to Cartesian space,
and let x404; denote the desired end effector position. Consider the scalar potential function
defined by

P(q) = (f(q) - xgoal)T ’ (f(Q) - xgoal) (2)

Clearly the function is non-negative and has a global minimum for any g* that solves the
corresponding inverse kinematics problem. Examples of optimization based approaches in
computer graphics include Badler et al. [2] and Zhao and Badler [27)].

2.3 Other IK Techniques and HAL Chains

In general, a closed-form solution can only be obtained for kinematic chains with special structure.
Pieper found closed form techniques for six degree of freedom manipulators when any three con-
secutive joint axes intersect at a common point or any three joints are prismatic. For a completely
arbitrary six degree of freedom manipulator a closed-form solution is not possible and other an-
alytic techniques must be used. Raghavan and Roth [19] developed a method based on dialytic
elimination for finding all solutions to an arbitrary 6R mechanism. Their method reduces an inverse
kinematics problem into finding the roots of a 16 degree polynomial. The roots of this polynomial
correspond to the solution of one of the joint variables. The other variables can be computed by
solving simple linear systems. The numerical properties of the algorithm was recently improved
by Manocha and Canny [14] who recast the root finding problem into a generalized eigenvalue
problem.

There has been significant interest in the research community to study the inverse kinematics
of what is called a human arm-like chain or a HAL chain. Korein[12] was one of the first to do a
principled exploration of the geometry of human arm. Hollerbach[6] listed the three singularities
(the shoulder, the elbow and the wrist) of a 6R manipulator and investigated how best to add
an additional revolute joint to this manipulator. The HAL chain was found to best satisfy the
requirement of simplicity of inverse kinematics, and the wrist-partitioning algorithm[7] was used
to solve it. The inverse kiematics methods developved by Asano[l] and later by Koga[10] and
Kondo[11] were both motivated by grasping rules. Asano presented two rules, IDOF hand redun-
dancy and 2DOF hand redundancy hand postures, and derived inverse kinematics solutions for the
human arm based on the minimum wrist muscle load. Kondo’s work is based on the observation
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that the arm posture parameters are approximately linearly related to the spherical coordinates
at the shoulder. The linear mapping model was obtained from biomechanical analysis[22]. The
end-effector errors remaining after the linear transformation were corrected by a constrained opti-
mization technique. Building on the earlier work of Hemami[5], Rieseler et al.[20] solved some of the
prototype trigonometric equations encountered in the inverse kinematics of 7TDOF manipulators,
including the HAL geometry. Wang and Kazerounian[25] obtained explicit symbolic formulation
for the Jacobian matrix and its null space for a HAL manipulator. In two recent papers Wang[23]
and Wang and Verriest[24] present an inverse kinematics scheme based on minimum joint velocity
norm. The scheme incorporates non-linear joint limits and a detailed three dimensional description
of the shoulder model.

2.4 Goals in Jack

Jack [3] permits the user to specify a wide variety of goals for the end effector. Multiple and
disjunctive goals are also permitted. Some of these goals and their corresponding potential functions
are enumerated below.

1. Position Goals
In a position goal, the user wants to position the end effector at ryo. € R® and is unconcerned
about the final orientation. This can be achieved by minimizing the potential function

!

(@) = |(¥youe)

2. Orientation Goals
In an orientation goal, the user is only interested in orienting the end effector so that x, and
¥, point in the same direction as x,,y,. The corresponding potential function is

P(q) = [|(xg=%e)l| + | (yg—y)ll

3. Position and Orientation goals

A position and orientation goal corresponds to the conventional inverse kinematics problem.
A suitable potential function is

+ WoCgy [|(xg =)l + wochy [|(¥o =yl

P(a) =ty || (ry0s o)

where ¢4, and cq, are used to scale the units of rotation relative to translation and w, and
w, are weights that adjust the relative importance of the translation goal with respect to the
rotation goal.

4. Aiming at Goals

It is sometimes necessary to “aim” a line on the end effector at a point p. Let the line on
the end effector be represented by the point r. and a vector v written in terms of x,y,,
and x.Xy,. The goal is achieved when ﬁ = v and the corresponding potential function
is defined as

p-r
P(q) = |[-2=% _
(@ an—rn "H

5. Plane Goal

In a plane goal, the user wants the position of the end effector to lie on a plane specified by
a point and a normal vector (p, ). The condition for the point being on the plane is

(p—r,)-0=0
which is captured by the potential function

P(q) = ((p —r,)-8)”



Real-time inverse kinematics ...

Multiple goals are handled by combining individual goals into a global potential function of the
form

G(q) = Zw; Pi(q)

where w; are weight factors. Moreover, goals can also be satisfied disjunctively. In this case the
goal function is defined as

G(q) = min{Fi(q)}-

2.5 Quality Criteria

We will now attempt to define a set of criteria for assessing the strengths and shortcomings of an
inverse kinematics algorithm.

o Efficiency: Since inverse kinematics must often be performed in real time, efficiency or speed
is of paramount concern.

o Reliability: An algorithm is reliable if it can consistently find a solution when one exists and
if it correctly detects instances of the problem that are unsolvable.

o Completeness: Additionally, in some applications it is desirable to find the entire set of
solutions; algorithms satisfying this requirement are termed complete.

o Stability: Numerical stability refers to the algorithm’s robustness when degenerate or ill
conditioned cases arise.

o Generality: Finally, each algorithm will be evaluated on its generality, that is whether it can
be adapted to redundant manipulators or other ill-posed problems where an infinite number
of solutions may exist.

Efficiency is difficult to determine because it depends upon the quality of the implementation.
Additionally, some algorithms may perform well for certain types of problems and poorly on others.
In general, we would expect the Newton-Raphson methods to be the slowest and the analytic
algorithms to be the fastest.

Not all of the algorithms are reliable. For example, the Jacobian transpose method and the
optimization based approaches can stop in local minima. Numerical instability can also prevent
an algorithm from converging to a solution, and almost all of the numerical routines suffer from
poor reliability near singularities of the Jacobian. Analytic methods do not suffer from singularities
in the Jacobian, but can also be susceptible to numerical problems unless special precautions are
taken.

The most significant advantage of numerical algorithms is that they can be generalized to
accommodate additional constraints and objective functions, whereas the analytical approaches
are restricted to six degree of freedom systems. Optimization methods in particular provide a
convenient framework for incorporating a wide variety of criteria.

3 An Analytical Algorithm for a Seven-DOF Limb

In this section we present the inverse kinematics algorithm for the human arm. The kinematic
chain of our interest contains seven joint variables, i.e., it has one redundant degree of freedom.
Our algorithm uses the extra degree of freedom to avoid joint limits or to place the elbow as close as
possible to a desired position. Qur algorithm is purely analytic and has no problems with Jacobian
singularities or local minima. We also give empirical evidence to demonstrate that our algorithm
is more efficient and reliable than numerical approaches.
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